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Abstract 
Three degrees of freedom (3-DOF) Helmholtz resonator which consists of three cylindrical necks and cavities connected in 
series (neck-cavity-neck-cavity-neck-cavity) is suitable to reduce flow pulsation in hydraulic system. A novel lumped parameter 
model (LPM) of 3-DOF Helmholtz resonator in hydraulic system is developed which considers the viscous friction loss of hy-
draulic fluid in the necks. Applying the Newton’s second law of motion to the equivalent mechanical model of the resonator, 
closed-form expression of transmission loss and resonance frequency is presented. Based on the LPM, an optimal design method 
which employs rotate vector optimization method (RVOM) is proposed. The purpose of the optimal design is to search the reso-
nator’s unknown parameters so that its resonance frequencies can coincide with the pump-induced flow pulsation harmonics 
respectively. The optimal design method is realized to design 3-DOF Helmholtz resonator for a certain type of aviation piston 
pump hydraulic system. The optimization result shows the feasibility of this method, and the simulation under optimum parame-
ters reveals that the LPM can get the same precision as transfer matrix method (TMM). 
Keywords: structural optimization; vibration analysis; hydraulic resonator; lumped parameter model; rotate vector optimization 
method; transmission loss; resonance frequency 
1. Introduction1 
Most of the aircraft hydraulic systems are driven by 
axial piston pumps because axial piston pumps have 
high output pressure, high efficiency and high reliabil-
ity. However, axial piston pumps will generate large 
flow pulsation because of the pumps’ inherent structure 
and working principle [1]. Flow pulsation can induce 
pressure fluctuation and piping vibration, which are 
very harmful to aircraft hydraulic systems [2]. Accord-
ing to statistics, almost half of the reported failures of 
hydraulic systems on aircraft were due to the fracture 
of hydraulic pipes [3]. Consequently, the hydraulic flow 
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pulsation suppression has been a research hotspot. One 
important research aspect on hydraulic flow pulsation 
suppression is the hydraulic fluid pulsation attenua-  
tor [4]. 
Helmholtz resonator, which consists of a cavity 
communicating with the main duct through a neck, was 
firstly used to attenuate the narrow-band low-fre-
quency noise. Afterwards, some researchers [5-8] also 
employed Helmholtz resonator to reduce the hydraulic 
fluid pulsation as reactive type attenuator. But the tra-
ditional single Helmholtz resonator has only one reso-
nance frequency so that it can only reduce one fre-
quency flow pulsation harmonic, while the hydraulic 
flow pulsation has several higher harmonics besides 
the fundamental frequency [9]. Kojima and Ichiyan-  
agi [10] developed a three degrees of freedom (3-DOF) 
Helmholtz resonator and pointed out that it can get 
good attenuation properties at three frequency har-
monics of hydraulic flow pulsation. Considering that Open access under CC BY-NC-ND license.
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the energy of hydraulic flow pulsation mainly distrib-
utes at the fundamental frequency and its first two 
harmonics, 3-DOF Helmholtz resonator is very suitable 
to reduce the hydraulic flow pulsation and has impor-
tant research value for hydraulic flow pulsation sup-
pression.  
The existing theoretical researches on 3-DOF 
Helmholtz resonator in hydraulic system [10-11] estab-
lished the mathematical model of 3-DOF Helmholtz 
resonator by transfer matrix method (TMM). Although 
TMM which is based on the distributed parameter 
model has high accuracy, it has two disadvantages to 
investigate 3-DOF Helmholtz resonator: a) the physical 
meaning of the model is not obvious so that it is diffi-
cult to comprehend the attenuation mechanism of 
3-DOF Helmholtz resonator; b) TMM cannot give out 
the closed-form expression of resonance frequency 
which is an important parameter to predict the attenua-
tion characteristic of 3-DOF Helmholtz resonator.  
The lumped parameter theory, which is the classic 
method to predict the attenuation characteristic of 
Helmholtz resonator [12], can overcome the above dis-
advantages of TMM. And previous studies [5-8] all used 
the lumped parameter theory to investigate the tradi-
tional single Helmholtz resonators in hydraulic system. 
But Refs. [5]-[8] directly employed the lumped pa-
rameter model (LPM) of Helmholtz resonator in air 
medium, which approximates Helmholtz resonator as 
an equivalent mass (neck) and spring (cavity) sys-  
tem [13] to calculate the resonance frequency of Helm-
holtz resonator in hydraulic fluid medium. The LPM in 
Refs. [5]-[8] are not accurate, because the viscous fric-
tion loss generated when the hydraulic fluid flows 
through the neck of Helmholtz resonator is not consid-
ered, whereas the viscous friction loss cannot be ig-
nored considering that the density and kinetic viscosity 
of hydraulic fluid are significantly bigger than those of 
air.  
In this paper, a novel LPM of 3-DOF Helmholtz 
resonator in hydraulic system is developed, which 
takes the effect of viscous friction loss in necks into 
consideration and regards the resonator as 3-DOF 
mass-spring-damping system. In this LPM, closed- 
form expression of transmission loss and resonance 
frequency is given out. Based on the LPM, an optimal 
design method of 3-DOF Helmholtz resonator in hy-
draulic system is proposed, which employs rotate vec-
tor optimization method (RVOM) as optimizer.  
2. LPM of 3-DOF Helmholtz Resonator in Hyd-
raulic System 
2.1. Equivalent mechanical system 
Figure 1(a) shows the structure of 3-DOF Helmholtz 
resonator. It consists of three cylindrical necks and 
cavities connected in series (Neck 1-Cavity 1-Neck 
2-Cavity 2-Neck 3-Cavity 3). Where L1, L2, L3 and D1, 
D2, D3 are the lengthes and diameters of Cavity 1, Cav-
ity 2 and Cavity 3 respectively; l1, l2, l3, and d1, d2, d3 
are the lengthes and diameters of Neck 1, Neck 2 and 
Neck 3 respectively; p1 is the fluid pressure in the main 
pipe, dp the diameter of the main pipe, and A1 the cross 
section area of Neck 1.  
 
Fig. 1  Structure and equivalent mechanical system of 
3-DOF Helmholtz resonator in hydraulic system. 
In view of the low frequencies of interest in this pa-
per, the geometrical dimensions considered here are 
significantly smaller than the fluid wave length. Thus 
the model of 3-DOF Helmholtz resonator in hydraulic 
system can be established by lumped parameter theory.  
Ref. [13] pointed out that the mass significant for 
oscillation of single Helmholtz resonator in air medium 
is concentrated in the neck of the resonator and the 
volume of resonator acts as a spring, and it also gave 
out the mechanical-acoustical analogy for single 
Helmholtz resonator in air medium which is a 
mass-spring system. Considering that the density and 
kinetic viscosity of hydraulic fluid are significantly 
bigger than those of air, the viscous friction loss gener-
ated when the hydraulic fluid flows through the necks 
of 3-DOF Helmholtz resonator could not be ignored. 
According to the theory proposed in Ref. [13] and tak-
ing the effect of viscous friction loss in necks into con-
sideration, 3-DOF Helmholtz resonator in hydraulic 
system can be equivalent to 3-DOF mass-spring- 
damping system as shown in Fig. 1(b). The three necks 
act as three masses (m1, m2 and m3) due to inertia effect 
of the fluid in necks. The three cavities act as three 
springs (Spring 1, Spring 2 and Spring 3) due to ca-
pacitive effect of the fluid in cavities. The three necks’ 
viscous frictions can be equivalent to three damping (c1, 
c2 and c3) which act on the three masses (m1, m2 and 
m3). Compared with the traditional mass-spring- 
damping system, this 3-DOF mass-spring-damping 
system has two characteristics: 
1) The three springs are always in a compressed 
state because of the compressed fluid in cavities. 
2) Spring 1 has different stiffness (k11 and k12) to the 
two masses (m1 and m2), which are connected to Spring 
1. Similarly, Spring 2 has different stiffness (k22 and k23) 
to m2 and m3. The theoretical explanation for this char-
acteristic will be given out in Section 2.2. 
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2.2. Parameter determination of equivalent mecha-
nical system 
1) Equivalent spring stiffness 
As shown in Fig. 2, the cavity, which is filled with 
fluid and closed by piston, acts as a fluid spring. 
 
Fig. 2  Cavity closed by piston. 
Applying the Hooke’s law to the closed cavity, the 








where A is the cross-sectional area of the piston, and 
A=D2/4, x the displacement of the piston, and p 
the pressure variable quantity in the cavity when the 
displacement of piston is x. 
According to the definition of hydraulic fluid bulk 










where E is the bulk modulus of hydraulic fluid, V the 
volume variable quantity of the closed cavity, and V0 
the initial volume of the closed cavity. 









From Eq. (3), it can be concluded that the stiffness 
of hydraulic cavity is related to A and x. That is why 
both Spring 1 and Spring 2 have different stiffness to 
the two masses connected to them. 
Applying Eq. (3), the stiffness of the three springs in 
the equivalent mechanical system of 3-DOF Helmholtz 
resonator in hydraulic system can be calculated. 
For Spring 1, its stiffness to the first mass m1 is giv-
en by 
 
1 1 2 2 1
11
1 1
( )E A x A x Ak
V x

  (4) 
where 21  /41A = d and
2
2 2 /4A = d are the cross-sec- 
tional areas of Neck 1 and Neck 2, 21 1 1 L /4A = D is 
the volume of Cavity 1, x1 and x2 are the displacements 
of hydraulic fluid in Neck 1 and Neck 2. 
Similarly, the stiffness of Spring 1 to the second 
mass m2 is written as 
 
1 1 2 2 2
12
1 2







For Spring 2, its stiffness to the second mass m2 is 
given by 
 
2 2 3 3 2
22
2 2






where 23 3 /4A = d is the cross-sectional area of Neck 3, 
2
2 2 2 /4A = D L the volume of Cavity 2, and x3 is the 
displacement of hydraulic fluid in Neck 3. 
The stiffness of Spring 2 to the third mass m3 is ex-
pressed as 
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For Spring 3, its stiffness to the third mass m3 is ob-











where 23 3 3 /4A = D L is the volume of Cavity 3. 
2) Equivalent damping 
When hydraulic fluid flows through the necks which 
are regarded as hydraulic fluid pipes, viscous friction 
loss will be generated. Firstly assume that 
a) The elasticity of the neck walls is negligible com-
pared to the compressibility of hydraulic fluid. 
b) The temperature and pressure variations are small, 
hence the changes of hydraulic fluid viscosity and den-
sity are small. 
c) The hydraulic fluid moves as steady laminar flow 
in the necks. 
d) The hydraulic fluid velocity in the circumferential 
direction is negligible. 
e) The mean hydraulic fluid velocity is less than the 
acoustic velocity in hydraulic fluid. 
Based on these assumptions, the momentum equa-
tion of hydraulic fluid in pipes can be written as [14]  
 
1 1u p uv r
t x r r r=
      "  "          
(9) 
where  is the density of hydraulic fluid, u the hydrau-
lic fluid velocity in axial direction, p the hydraulic 
fluid pressure, x the coordinate in axial direction, r the 
coordinate in radial direction, and v the kinematic vis-
cosity of hydraulic fluid. 
The linear friction model of hydraulic fluid pipes is 
applied when hydraulic fluid moves in the pipes as 
steady laminar flow. In linear friction model, the vis-
cous friction loss is proportional to the mean fluid ve-
locity and the heat transfer effect is not considered [15]. 
Applying the linear friction model, the momentum 
equation of fluid in pipes can be simplified as [16] 
 2
0 0
8p q v q
x A t A
= = 
 "  
   
(10) 
where q is the flow rate at one cross-section of pipe, 
2
0 0A = r  the cross-sectional area of pipe, and r0 the 
inner radius of pipe. The right-hand side of Eq. (10) 
represents the pressure drop per unit length of pipe 
generated when hydraulic fluid flows through the pipe, 








The viscous friction force of hydraulic fluid pipe 
whose length is l can be derived by Eq. (11) as  














where u0 is the mean velocity of hydraulic fluid.  
From Eq. (13), the damping of the hydraulic fluid 





According to Eq. (14), the damping coefficients of 















According to Fig. 1(b), applying the Newton’s sec-













where m1=A1l1 is the mass of hydraulic fluid in  
Neck 1. 
Applying the Newton’s second law of motion to 













where m2=A2l2 is the mass of hydraulic fluid in  
Neck 2. 
Applying the Newton’s second law of motion to 













where m3=A3l3 is the mass of hydraulic fluid in  
Neck 3. 
Substituting Eqs. (4)-(8) into Eqs. (18)-(20) yields 
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Applying Laplace transform to Eq. (21) gives 
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2.4. Transmission loss and resonance frequency 
1) Transmission loss 
Manipulating Eq. (23) yields 
 
23 32 22 331
1 1 11 23 32 12 21 33 11 22 33
a a a aX
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

   
(25) 
The normalized specific impedance of 3-DOF 











where 0 / =c E  is the sound velocity in hydraulic 
fluid, and U1=X1s the Laplace transform of the velocity 
of fluid at Neck 1. 
Substituting Eq. (25) to Eq. (26) yields 
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The transmission loss of 3-DOF Helmholtz resona-












where Ap=dp2/4 is the cross-sectional area of the main 
pipe. 
2) Resonance frequency 
In order to calculate the undamped natural frequency 
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of 3-DOF Helmholtz resonator in hydraulic system, c1, 
c2, c3 and p1 are set to be zero. So Eq. (22) can be re-
written as 
2
2 1 1 2
1 1 1 2
1 1
2 2 2 31 2
2 2 1 2 2 3
1 1 2 2
2 22 3
3 3 2 3 3
2 2 3
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(29) 
In view of s=j>0, eliminating X1, X2, X3 in Eq. (29) 
yields 
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0> of Eq. (30) reveal the un-
damped natural angular frequencies. The damped 
natural angular frequencies of 3-DOF Helmholtz reso-
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So the resonance frequencies of 3-DOF Helmholtz 









3. Optimal Design Method  
3.1. Mathematical description of optimization pro- 
blem  
The attenuation characteristic of 3-DOF Helmholtz 
resonator in hydraulic system is the best when its three 
resonance frequencies coincide with the three fre-
quency harmonics of hydraulic fluid pulsation respec-
tively. So the purpose of the optimal design is to search 
the unknown size parameter values so that the reso-
nance frequencies f1, f2, f3 can coincide with the fun-
damental frequency of pump-induced flow fp1 and its 
first two harmonics fp2, fp3 respectively. The resonance 
frequencies of 3-DOF Helmholtz resonator in hydrau-
lic system can be obtained by Eq. (33).  
The objective function is defined as follows: 
 1 p1 2 p2 3 p3
( )F f f f f f f     X
 
(34) 
For the hydraulic system driven by piston pump, the 
fundamental frequency and its harmonics are related to 
the pump rotational speed and the number of pistons. 






















where n is the pump rotational speed, and Z the number 
of pistons. 
Design variables are given by  
 
T
1 2 3 1 2 3 1 2 3 1 2 3[                       ]l l l d d d L L L D D DX (36) 
Considering the space limitation of hydraulic system, 
the bound for all variables is provided for efficient 
search in design space: 
    
Lower bound = min( )
( =1, 2, ,12)









X   
(37) 
3.2. Optimization method  
The RVOM, which was first proposed in 1996 [18], is 
used to search the optimum size parameters of 3-DOF 
Helmholtz resonator in hydraulic system. RVOM, 
which is especially suitable to solve the optimization 
problem with nonlinearity objective function or proce-
dure with complex constraints, has higher efficient and 
better global optimization ability compared to genetic 
algorithms. 
Figure 3 presents the flowchart of RVOM algorithm. 
The following text is the description of RVOM algo-
rithm. 
Step 1  Define two initial random vectors XL and 
XH. 
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Fig. 3  Flowchart of RVOM algorithm. 
Step 2  If F(XH)<F(XL), exchange XH and XL; else, 
no exchange. 
Step 3  Get the vector XD=XHXL and apply rota-
tion transform to XD around XL and obtain the new 
vector XT=cr XD; if F(XT)<F(XL), replace XH by XL and 
replace XL by XT; else, no replace; where cr is the rota-
tion coefficient, which is a function of one time rota-
tion angle E [19]. 
Step 4  If a round of rotation is completed, go to 
Step 5; else, go to Step 3. 
Step 5  Get the vector XD=XH XL again and apply 
contraction transform to XD and get a new vector 
XT=XL+cc XD, where cc is the contraction coefficient. 
Step 6  Let  be the setting calculation precision. If 
||XTXL||<, the global optimum is F(Xmin), Xmin=XL, 
and terminate the calculation process. Otherwise, 
XH=XT, go to Step 2. 
4. Results and Discussion  
4.1. Optimal design results  
The optimal design of 3-DOF Helmholtz resonator 
for the hydraulic system driven by a certain type of 
aviation 9-pistons pump, whose speed is 3 000 r/min, is 
carried out. The diameter of the main pipe dp is 20 mm. 
The parameters of hydraulic oil are listed as follows: 
=890 kg/m3, E=1 000 MPa, v=50×106 m2/s. 
The parameters of RVOM algorithm are set as E= 
120°, cc=0.618, =0.001. 
The design variables and respective bounds for 12 
variables in the optimization model are shown in Table 
1. Applying the proposed optimal design method, the 
optimum size parameters of 3-DOF Helmholtz resona-
tor in hydraulic system can be obtained, as shown in 
Table 1. 
Figure 4 shows the history record of objective func- 
Table 1  Bound and optimum value of design variables 
Variable Lower bound Upper bound Optimum value
l1/mm 10 50 37.21 
l2/mm 10 50 17.11 






































Fig. 4  History record of objective function value of 3-DOF 
Helmholtz resonator in optimization process. 
tion value of 3-DOF Helmholtz resonator in an optimal 
design process. The final value of objective function is 
0.747 294 4 Hz, which fulfills the design requirements. 
4.2. Discussion of LPM  
Substituting the optimum design variables to Eq. 
(28), the transmission loss of 3-DOF Helmholtz reso-
nator in hydraulic system can be calculated by the 
LPM. Then the transmission loss is also calculated by 
TMM proposed in Ref. [10] which is based on distrib-
uted parameter model of hydraulic pipe and validated 
by experiment data. Figure 5 compares the transmis-
sion losses with the two methods. 
 
Fig. 5  Comparison of transmission losses by LPM and 
TMM. 
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As shown in Fig. 5, the transmission loss from the 
two methods agrees well, which proves that the preci-
sion of the LPM is the same as that of TMM in Ref. 
[10]. Three transmission loss peaks are observed in Fig. 
5 at three frequencies, 450.3, 899.6, 1 350.1 Hz, the 
same as predicted by Eq. (33), which demonstrates that 
the closed-form expression of the resonance frequency 
is correct. 
In order to examine the effect of the viscous friction 
loss on the transmission loss, Fig. 6 compares the 
transmission losses of 3-DOF Helmholtz resonator 
with and without viscous friction loss by LPM. 
 
Fig. 6  Comparison of transmission losses by LPM with and 
without viscous friction loss. 
As shown in Fig. 6, the three resonance frequencies 
of 3-DOF Helmholtz resonator with and without c1,2,3 
are the same because the viscous friction loss is not big 
enough to change the resonance frequencies. However, 
the peak values of transmission loss at three resonance 
frequencies with c1,2,3 are much smaller than those 
without c1,2,3, as shown in Table 2. This reveals that:  
a) the viscous friction loss makes a great impact on the 
attenuation characteristic of 3-DOF Helmholtz resona-
tor, thus it cannot be ignored; b) the attenuation char-
acteristic of 3-DOF Helmholtz resonator in hydraulic 
fluid medium is worse than that of 3-DOF Helmholtz 
resonator in air medium, because the kinetic viscosity 
of hydraulic fluid is significantly bigger than that of air 
which is proportional to the viscous friction loss. 




TL peak with 
c1,2,3/dB 
TL peak without 
c1,2,3/dB 
 450.3 52.36 66.66 
 899.6 47.91 63.40 
1 350.1 49.04 57.35 
5. Conclusions 
1) A novel LPM of 3-DOF Helmholtz resonator in 
hydraulic system is developed in this paper, which can 
get the same precision as TMM and has obvious 
physical meaning in modeling process. This model can 
be employed to predict the resonance frequency and 
transmission loss of 3-DOF Helmholtz resonator in 
hydraulic system conveniently, which enriches the 
theoretical research approach to investigate 3-DOF 
Helmholtz resonator in hydraulic system. 
2) In this LPM, the viscous friction loss of hydraulic 
fluid in necks is taken into consideration and calculated, 
which is proved that it can make a great impact on the 
attenuation characteristic of 3-DOF Helmholtz resona-
tor in hydraulic system. This idea has guiding signifi-
cance to exactly model other types of hydraulic fluid 
pulsation attenuator by lumped parameter theory. 
3) An optimal design method of 3-DOF Helmholtz 
resonator in hydraulic system based on the LPM is 
proposed, which employs RVOM as optimizer. The 
optimization result and simulation show the feasibility 
of this method. This optimal design method can be 
used in engineering practice to design the 3-DOF 
Helmholtz resonator for piston pump hydraulic system. 
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